A star in the Milky Way's disk can now be at a Galactocentric radius quite distant from its birth radius for two reasons: either its orbit has become eccentric through radial heating, which increases its radial action J R ('blurring'); or merely its angular momentum L z has changed and thereby its guiding radius ('churning'). We know that radial orbit migration is strong in the Galactic low-α disk and set out to quantify the relative importance of these two effects, by devising and applying a parameterized model (p m ) for the distribution p(L z , J R , τ, [Fe/H]|p m ) in the stellar disk. This model describes the orbit evolution for stars of age τ and metallicity [Fe/H], presuming coeval stars were initially born on (near-)circular orbits, and with a unique [Fe/H] at a given birth angular momentum and age. We fit this model to APOGEE red clump stars, accounting for the complex selection function of the survey. The best fit model implies changes of angular momentum of ∆L z 2 ≈ 619 kpc km/s (τ /6 Gyr) 0.5 , and changes of radial action as ∆J R 2 ≈ 63 kpc km/s (τ /6 Gyr) 0.6 at 8 kpc. This suggests that the secular orbit evolution of the disk is dominated by diffusion in angular momentum, with radial heating being an order of magnitude lower.
INTRODUCTION
What dominates the secular orbit evolution of nearly isolated disk galaxies? The Milky Way's last major merger is thought to have occurred before 7-8 Gyr ago (e.g. Bland-Hawthorn & Gerhard 2016; Belokurov et al. 2018; Helmi et al. 2018) , leaving a long subsequent period for internal processes to dominate the dynamical evolution of the disk: nonaxisymmetries (bar, spiral arms) and giant molecular clouds can rearrange stellar orbits in different ways (e.g. Sellwood 2014; Sellwood & Binney 2002) , as they resonantly interact or scatter.
The change in a star's orbit can be decomposed into (1) 'cold processes': the orbit's size or angular momentum changes, but remains circular, and (2) 'heating processes': the orbit's eccentricity and vertical extent frankel@mpia.de * Hubble fellow change. Sellwood & Binney (2002) dubbed the first process "radial migration" and postulated that it could be important for restructuring stellar discs. Pure radial migration occurs when stars are near corotation of a non axisymmetry and can change angular momentum (L z ) by some amount ∆L z , without significant change in their radial action (J R ): ∆J R = 0∆L z . Such secular change of angular momentum can be very substantialat least in dynamical simulations -indeed of order unity (Roškar et al. 2008; Minchev et al. 2011; Kubryk et al. 2013; Halle et al. 2015; Loebman et al. 2016) . Nonetheless, Minchev et al. (2011) and Daniel et al. (2019) used simulations to argue that such interactions should come with non-zero changes in J R due to possible resonance overlaps between, for example, co-rotation and Lindblad resonances of different non-axisymmetries, or higher order resonances. But this effect could also increase the angular momentum changes. Heating processes could arise from interactions with non-axisymmetric perturbations through other resonances, or other heating agents such as satellites (e.g. Velazquez & White 1999) . The different components of the velocity dispersion have been measured to increase with stellar ages both in the Solar neighbourhood and over the disk (Wielen 1977; Soubiran et al. 2008; Sanders & Das 2018; Mackereth et al. 2019) .
There is now persuasive evidence that radius migration in the Galactic disk is strong. In Frankel et al. (2018) we measured this radius migration, which must be the combined effect of radial heating and angular momentum diffusion. We modeled radial migration as a global process, fitting the distributions p(R|R 0 , τ ) of present-day Galactocentric radii (R) as a function of their birth radii (R 0 ) and age (τ ) over a wide range of radii. We assumed that stars were born on initially tight metallicity-birth radius relations, and it is the the radial diffusion that introduces the observed present-day scatter in this relation (Edvardsson et al. 1993; Casagrande et al. 2011) . Inferring radial migration this way was originally proposed in the seminal paper by Schönrich & Binney (2009) . Our global model fits turned out to constrain the overall migration scale well, to σ RM = 3.6kpc τ /8 Gyr: the typical star migrates about by a scale-length over the age of the disk.
However, this work did not disentangle diffusion in angular momentum from the increase in radial action, but only measured the combined effect of 'heating' and 'cold L z diffusion' as 'orbit migration'. Therefore, the relative contributions of ∆J R (or 'blurring' in the terminology of Sellwood & Binney 2002; Schönrich & Binney 2009 ) and ∆L z (or 'churning') to the evolution of the stars' orbits in the Milky Way has yet to be quantified. This is what we set out to do here.
We now set out to build on that model and disentangle the strength of diffusion in angular momentum from that of increase in radial action. We will do this by generalizing the model of F18 from constraining the radius migration, i.e. the 'diffusion rate' in R, to constraining the secular orbit evolution in the disk plane, by quantifying the diffusion rates of both actions L z and J R . In Section 2, we describe our data set. We then construct the model and data likelihood in sections 3 and 4 and present the result best fit model in section 5. We discuss the implications in Section 6.
DATA: APOGEE-DR14 RED CLUMP GIANTS
Since the disk build up and its secular dynamical evolution involve processes occurring on large spatial and time scales, our science case requires a sample of stars with extensive coverage of the Galactic disk, a wide range of ages, and accurate and reliable 6D phase-space coordinates to calculate orbits. In practice, this requires spectroscopic and astrometric information, precise distances (as these are the dominant uncertainty in the action determination), and a way to limit the impact of dust extinction at low Galactic latitudes. A crossmatch of the APOGEE-RC catalogue (Bovy et al. 2014; Majewski et al. 2017; Abolfathi et al. 2018) with Gaia DR2 (Gaia Collaboration et al. 2018; Lindegren et al. 2018) satisfies these desiderata: red clump stars are bright standard candles and APOGEE collected their spectra in near-infrared (limiting the effect of extinction).
Data Selection and Catalogs
We start with the stars from the 14th data release of the APOGEE near-infrared spectroscopic survey and restrict to the low-α sample as in Frankel et al. (2018) , with stars mostly born between ∼ 8 Gyr ago and now. We further select high-fidelity red clump stars derived by Ting et al. (2018) cross-matched with Gaia DR2.
Red clump stars are low-mass stars in the core helium burning stage. They are good standard candles (to ∼ 0.1 mag, Girardi 2016; Hawkins et al. 2017; Hall et al. 2019; Sanders et al. 2019; Chan & Bovy 2019) , allowing the determination of a precise photometric distance. The identification of the red clump stage, done in Ting et al. (2018) , relies on spectroscopic estimates of the asteroseismic parameters ∆ν and ∆P which contain information on the evolutionary stage and stellar mass.
We further restrict our sample to the low latitude (|b| < 25 deg) "short cohort" (as defined in Zasowski et al. 2013 ) fields of APOGEE, which consists of the brightest stars with H band apparent magnitude 7 ≤ H ≤ 12 to ease our modeling and reduce the fraction of stars with large uncertainties. Stars in longer cohorts are fainter, so at larger distances, have greater distance uncertainties and are more extinguished. Including them would increase computational expenses and complicate the selection function without commensurately increasing the information content. So we restrict the analysis to the short cohort stars for which we can work out the probability that they were selected for targeting in APOGEE (i.e. we can determine the selection function). We reject all APOGEE "special targets" in our data set as well as all the stars that are in APOGEE fields for which we could not work out a probability of selection (see Frankel et al. 2019) . Since the number of crossmatch failures between the red clump sample and Gaia DR2 is negligible (< 1%), we assume in the following that the selection of our data is purely determined by APOGEE selection function, and that Gaia is complete within the APOGEE's short cohort selection cuts. Figure 1 . Distributions of the adopted sample of red clump stars (drawn from APOGEE DR14, low-α) in angular momentum (Lz), radial action (JR), age (τ ), [Fe/H], and Galactocentric radius (R). The Lz and R distributions are clearly affected by spatial selection effects due to APOGEE's footprint. The sample's age distribution, with a prominent peak at 2 Gyr, reflects the combination of the 'underlying' age distribution and (most prominently) the age-or mass-dependent time duration of the core helium burning evolutionary stage (red clump).
Basic Data and their Uncertainties
We use eight basic pieces of information: Galactic longitude (l), Galactic latitude (b), distance (D), line of sight velocity (v los ), metallicity ([Fe/H]) from APOGEE, proper motion in right ascension (µ α ) and declination (µ δ ) from Gaia, and age (τ ) derived from the full spectrum in , which are calibrated to asteroseismology.
The photometric distances (D) were determined to about 7% in , using near-infrared and Gaia G photometry for red clump stars as standard candles, exploiting the fact that interstellar extinction is weaker at longer wavelengths (e.g., Indebetouw et al. 2005; Wang & Chen 2019) . The line of sight velocity (v los ) is taken from the APOGEE-DR14 catalog, and the proper motions (µ α , µ δ ) from Gaia DR2. Spectroscopic age estimates τ for this sample were obtained by from a data-driven method built to determine ages from the APOGEE spectra, trained on the APOKASC2 red clump sample (Pinsonneault et al. 2018) ; this approach has a precision of about 0.15 dex, with possible systematics at large ages, because the C and N spectral features tracing the age, (e.g. Martig et al. 2016; Ness et al. 2016 ) vary more weakly at large ages and hence contains less information. A more extensive discussion on the possible implications of such systematics on the modeling, and comparisons of different age estimates can be found in Frankel et al. (2019) . The metallicity estimates ([Fe/H]) are taken from the ASP-CAP pipeline with typical uncertainties below 0.05 dex (Holtzman et al. 2018 ).
Galactocentric Rest Frame and Orbital Actions
From these basic data, we extract and pre-compute the quantities that are more directly used in our model, and propagate uncertainties via Monte Carlo sampling of 80 points. In particular, we compute the Galactocentric radius (R), height above the plane (z), azimuthal velocity (v φ ) and radial velocity (v R ) in Galactocentric coordinates, assuming the distance between the Sun and the Galactic center R = 8.2 kpc (Gravity Collaboration et al. 2019), and the Sun's height above the Galacctic plane z ≈ 20.8 pc (Bennett & Bovy 2019) . We also assume the Solar velocity with respect to the Local Standard of Rest v = [−11.1, 12.24, 7 .25] km.s −1 (Schönrich et al. 2010 ) and the tangential velocity of the Sun 247.4 km/s (Gravity Collaboration et al. 2019; Reid & Brunthaler 2004) .
We further compute the orbital parameters relevant to our modeling of the Galactic disk; going from phasespace coordinates ( x, v) to orbits, as quantified e.g. by their actions, requires the adoption of a gravitational potential. We compute the stars' angular momenta (L z , which are the azimuthal actions J φ in an axissymmetric potential) and radial actions (J R ) using the Python package Galpy (Bovy 2015) based on the algorithm of Binney (2012) . The orbits are integrated over the potential MWPotential2014 of this package, which is also the potential used in our model, scaled to the Galactocentric rest-frame as described above. The 1D marginal distributions of angular momentum, radial action, age, [Fe/H] and Galactocentric radius are illustrated in Figure 1 . The distributions in angular momentum and Galactocentric radius are directly affected by the APOGEE on-sky footprint and implicit distance limit; else we would expect these distributions to be approximately exponential. The age distribution shows a prominent peak at at ∼2 Gyr, reflecting the mass dependence of the RC lifetime (Girardi 2016; Bovy et al. 2014 ).
CHEMO-DYNAMICAL MODEL FOR THE EVOLUTION OF THE GALAXY'S LOW-α DISK
We now present a global model for the formation and evolution of the Galaxy's low-α disk, building directly on Sanders & Binney (2015) , Frankel et al. (2018) and Frankel et al. (2019) . The most important astrophysical assumption of the model is that stars form on nearcircular orbits from chemically well mixed cold gas with an inside-out star formation history. Over time, the orbits of stars evolve, and the gas is enriched in metals. The combination of age and [Fe/H] in this model implies a birth angular momentum L z0 or a birth radius. Radial heating of stellar orbits is modeled as an increase of their mean radial action J R and radial migration is modeled as a global diffusion process in angular momentum L z . In our modeling, vertical heating is only implicit: we ignore the (weak) coupling between in-plane and vertical motions, and model an age-dependent vertical profile for the disk to incorporate the 3D spatial selection function (see Section 4). The overall model Figure 2 and in Table 1 . The model aspects are then combined together in the following section in a likelihood function, used to constrain its parameters. In this way we can disentangle the strength of radial migration and radial heating and compare them, but only under a set of (physically sensible) assumptions that we will now lay out in some detail.
Model Assumptions
Our modelling assumptions are as follows:
1. Stars are born with a tight relation between [Fe/H] and L z0 at any given τ . This is a 'weak chemical tagging' assumption, supported by Krumholz & Ting (2018) and Ness et al. (2019) , who showed that in the low-α disk, [Fe/H]and age can predict present-day L z precisely (and we here attribute the scatter in that relation to radial migration). This assumption is also well supported by extragalactic obervations of a sample of spiral galaxies, finding that the azimuthal variations and scatter in the interstellar medium's [O/H] is low (< 0.05 dex in e.g., Kreckel et al. 2019) . We parametrize this tight relation (Section 3.6) and fit for the parameters.
2. Secular processes (processes happening on time scales longer than a typical orbital time scale) have dominated the evolution of the Galaxy's lowα disk. As the last major merger presumably oc-curred before the formation of the low-α disk (e.g., Bland-Hawthorn & Gerhard 2016; Belokurov et al. 2018; Helmi et al. 2018) , the Milky Way is thought to have evolved in near isolation (i.e. interacting mainly with itself and occasionally with lower mass satellites, e.g., the Sagittarius dwarf galaxy) for the past 7-8 Gyr, which leaves a lot of time for slower, more gradual processes to occur and affect the Galaxy's evolution. We assume that secular processes cause orbits to diffuse, and set out to measure the strength of this diffusion, but we do not make assumptions on the nature of this process nor try to identify the agents driving them.
3. We assume that the present-day potential of the Milky Way is sufficiently well approximated by the axisymmetric potential MWPotential2014 in the Galpy package (Bovy 2015) , and that the present equilibrium state of the Milky Way disk can be described by separable distribution func-
where the vertical motion is independent of the radial action (the so-called adiabatic approximation, Binney 2010). This is manifestly an approximation since we know the disk is not axisymmetric, nor in equilibrium: there are spiral perturbations, a bar and a warp (Bland-Hawthorn & Gerhard 2016; Beane et al. 2019 ).
4. When computing the actions, we use the Stäckel approximation (Binney 2012) as implemented in the Galpy package (Bovy 2015) . Furthermore, we implicitly assume in the models that the height above the plane z and vertical velocity v z are independent of the radial action (the adiabatic approximation, Binney 2010). We use this approximation because we wish to focus on the in-plane distributions p(J R |L z )p(L z ) and for our considered orbits, which predominately lie close to the Galactic plane, the approximation is valid.
Modeling the Gradual Build-up of the Stellar Disk
We now describe the parameterized version of our modeling for the successive build-up of the Galactic stellar disk, encompassing the star-formation history with inside-out growth.
We model the time-integrated distribution of angular momenta at birth as
where we define the mean angular momentum at birth as L z0 = R d0 × 235km.s −1 , to fit for and interpret the parameter R d0 as a global scale-length. This scalelength is time-integrated and reflects the global profile of the disk after all stars are born. For a cold disk at birth, this model is approximately equivalent to an exponential surface density profile (Σ(R 0 ) ∝ exp(−R 0 /R d0 )) with a scale-length R d0 . But the actual spatial scale-length of the disk at birth may be different since the spatial distribution of stars will depend on gradual changes of the potential due to the on-going build up of the disk.
The possible inside-out growth (illustrated in Fig. 5 ) is modeled through an L z0 -dependent star formation, where the star formation time-scale depends linearly on birth angular momentum, causing the inner disk to form stars on shorter time-scales than the outer disk. The star formation history is adapted from Frankel et al. (2019) , but now taken to be a function of birth angular momentum (rather than birth radius):
Here, c(L z0 , p m ) is a normalization constant such that SFHdτ = 1 at any given L z0 . Since the star formation history is not the primary focus of this work, we treat it as a nuisance aspect of the model. We fit for and marginalize over the parameters x io and τ SF R . The parameter τ m corresponds to the maximum stellar age we consider in the low-α disk, fixed to 6 Gyr.
Present-day Gravitational Potential
We assume that the present-day gravitational potential of the Milky Way disk is well described by the MW-Potential2014 in the Galpy Package. In the present work, we only use the present-day potential of the Milky Way disk and its derived quantities (circular velocity v circ , epicyclic frequencies κ and ν etc.) and make no assumptions about its past evolution.
As the Milky Way's stellar disk has gradually grown from inside-out over the past 7-8 Gyr (Subsection 3.2), the mass distribution of the stellar and gas disks have changed, and the potential Φ pot (τ ) has evolved accordingly. Linking stellar birth radii R 0 to their birth angular momenta L z0 would require to know exactly how the potential has evolved. This could be done by mod-eling the mass distribution in different Milky Way components, including a growth for the stellar disk. But the present-day contributions of each component of the Milky Way are already fairly unconstrained today (e.g., de Salas et al. 2019; Eilers et al. 2019 ), so we do not attempt to infer them in the past. Instead, our modeling is fully based on linking birth actions to present-day actions rather than birth positions. In an axisymmetric potential, if the gradual build up of the disk is slow and adiabatic, then the actions of stars should be conserved: stars on the same orbit but at different phases will, if the change in potential is sufficiently slow, experience the same changes of potential (averaged over a period) and thus conserve their actions. However, stellar velocities and positions should change: as the disk mass increases, stars will on average sink to orbits closer to the Galactic center. Therefore, measuring a change of orbital action ∆J bypasses other orbital changes of the stars and gives direct insights into the secular processes in the disk.
Modeling the Angular Momentum Evolution
We follow the argument of Sellwood & Binney (2002) that the radial orbit redistribution of stars is caused by a sequence of stochastic processes, of some nature that we do not determine (which could be, for example, shortlived spiral perturbations). In this limit, stars follow a random walk in angular momentum so that radial migration can be modeled as a diffusion process in angular momentum, dubbed "churning" by Sellwood & Binney (2002) . Following Sanders & Binney (2015) we adopt the parameterized angular momentum diffusion equation
The nature of the radial migration process determines the diffusion coefficients of this diffusion equation. For simplicity, we assume that the diffusion coefficients in the equation above do not depend on L z and that σ is independent of time. These assumptions imply that we are only constraining an effective global mean (in radius and time) of the overall L z diffusion. Herpich et al. (2017) showed that if radial migration were asymptotically efficient, the angular momentum distribution in a disk should go as f (L z ) = exp(−L z / L z )/ L z , and their model predictions match the observed angular momentum profile of external galaxies well. On the other hand, surface brightness profiles of disk galaxies have been observed to have exponential or de Vaucouleur profiles (de Vaucouleurs 1948), which would correspond to (in the limit of circular orbits) an angular momentum distribution
to which a bulge could be added at the center. Since we are not modeling a bulge in the present work, our model will in any case be inadequate in the inner few kpc of the Milky Way.
Drawing on these considerations, we impose that the steady state solution for the L z diffusion equation is either the exponential distribution in L z , or the exponential surface density profile. At L z >> L z 1 , these distribution are similar and constrain the diffusion coefficient
Lz0 τm , where we pose the mean specific angular momentum L z0 = 235km.s −1 R d0 . This ensures approximate conservation of angular momentum. In the microscopic limit, Schönrich & Binney (2009) model this process with each star having a probability to move to a radius r i proportional to the stellar mass m i at that radius. This ensures that the number of stars migrating from radius i to radius j is proportional to m i m j , which is equal to the number of stars migrating from j to i, thereby conserving the total disk profile. However, in reality the total disk angular momentum need not be conserved, as external torques, e.g. exchanges with the halo, could change it; here we do neglect this effect, since it is not well quantified or understood even in simulations: Buck et al. (2019) show that some Milky Way-like simulated galaxies see their scalelength increase over time (net outward migration), while others don't. Here, with our fixed choice of D (1) disk profile remains constant with a mean angular momentum L z0 . But individual populations of age τ born on profiles with L z0 (τ ) < L z0 will, on average, broaden, and those born with L z0 (τ ) > L z0 will, on average, shrink.
The present day angular momentum of a star of age τ would then be related to its birth angular momentum by
where σ(τ ) = σ Lz τ τm is the radial migration strength in angular momentum units (kpc km/s −1 ). The parameter σ Lz is to be fit and N (p m ) is a normalizing constant such that ∞ 0 p(L z | L z0 , τ, p m )dL z = 1 (there are no counter rotating stars in the disk). τ m is the maximum age of the disk we consider, which is fixed to 6 Gyr here since there are so few constraining stars in the data at larger ages (see 3rd panel in Fig. 1 ).
Radial Heating
We assume that stars are born on near-circular orbits, and that their mean radial action increases with time as their orbits are kinematically heated (dubbed "blurring" by Sellwood & Binney (2002) ). We adopt the isothermal disk model from Sanders & Binney (2015) ; Binney (2010) , and we fit for the increase of mean radial action as a function of age and final position. The radial action distribution is then written as
with κ = κ(R circ (L z )) the frequency of radial motion (the epicycle frequency), which depends on the guiding radius R circ , the radius of circular orbit of angular momentum L z . The velocity dispersion σ R = σ R (τ, R circ (L z )) traces the heating history of stars in the disk:
where σ vR0 is the velocity dispersion of stars of age τ m = 6 Gyr in the Solar neighbourhood (to be fitted), τ 1 is set to reflect a dynamical time, ∼ 110 Myr, as in Sanders & Binney (2015) and allows stars to be born with small but non-zero eccentricity. The scale R σ R represents a possible decay of the velocity dispersion with Galactocentric radius, as in Sanders & Binney (2015) (to be fitted). Note again that the radial actions are adiabatic invariants, and so the gradual build up of the disk should not influence the radial action of stars after their birth.
Weak Chemical Tagging: [Fe/H]-τ -L z0 Relation
For the current modeling, we use [Fe/H], and assume that it is approximately only a function of time and L z0 ; in some sense, this is the weakest form of "chemical tagging".
We model the [Fe/H]-τ -L z0 relation as a a power law in time and a broken line in the variable L z0 with an inner disk radial gradient of −0.03 dex/kpc for L z0 < 3 × 235 kpc km/s. Since we have no constraining data on the inner metallicity profile in the disk, we use two external arguments to motivate this imposed flattening in the inner disk: (1) the observed metallicity profile in the stars is flatter in the inner disk/bulge (Pietrukowicz et al. 2015) , and (2) chemical evolution models predict a flatter metallicity profile in the gas in the inner disk (e.g., Schönrich & Binney 2009 ). Namely,
where the gradient
with the inner metallicity gradient ∇inner fixed at −0.03 dex.kpc −1 and the outer metallicity gradient
The central metallicity is governed by the parameter [Fe/H] max and we use a time dependence of 
Vertical Distribution of Stars
The vertical distribution of stars in the Milky Way disk is not the primary focus of this work (since we are essentially interested in the in-plane motions), but we must model it because the spatial selection of our data is in three spatial dimensions and so we require a 3D model for the disk. For simplicity, we model the vertical distribution of stars in the disk with the best fit model of in the regime of the isothermal disk:
where the scale-height
with the vertical frequency ν defined such that ν 2 = the vertical heating history of the Galactic disk using an APOGEE red clump data set, and published an analytic fit for J z (L z , L z0 , τ ). We model the age-and radialdependent vertical distribution of red clump stars according to this form. Since the model of used different age dependencies and birth radii scales than those in our work, we allow for an overall scaling of their heating law parametrized by a z , which we anticipate will be near unity (see resulting fits in Table 1).
THE LIKELIHOOD OF THE APOGEE-RC × GAIA DR2 DATA
To determine how this model is constrained by our data, we must construct the data's likelihood for any given set of model parameters, and on this basis sample the parameter's posterior probability distribution, pdf. We now lay out how to implement this.
For each star, our 'data' are
with their associated uncertainties (see Section 2). As noted in Section 2, these data are not sampled directly from the underlying Milky Way disk distribution: the sample very much reflects both the distribution of stars in the Milky Way p M W (D), and the selection process S(l, b, D, τ ) ≡ p(select|D). Therefore, the probability distribution of the data given our model parameters is
where p MW (D | p m ) is the model of the Galactic disk, which is a combination of the model aspects described above as detailed in Appendix A. C is a normalizing term specified in Eq. 15 and Section 4.1. S(l, b, D) = p(select| l, b, D) is the selection function, or the probability that a star ends up in the catalog given its observable properties. The observables for each star are a combination of its intrinsic properties and its position and velocity with respect to us, and the evolutionary stage is determined using the spectrum . Typically the selection function is a strong function of apparent magnitude. In the case of standard candles where the apparent magnitude is a function of distance (and extinction) only, such as RC stars, the selection function essentially reduces to a function of (l, b, D). Finally, the term f RC (τ ) is the probability of a star to be on the red clump evolutionary stage given its age τ (Bovy et al. 2014) . We determine the spatial selection function of APOGEE following the methods laid out in ; Bovy et al. (2014) and Frankel et al. (2019) , and extend the methodology to the DR14 data which includes APOGEE-2. The main difference in the APOGEE-2 target selection for the main disk fields with Table 1 . Summary of the main model aspects (described in Section 3) and best-fit parameters respect to APOGEE-1 is the inclusion of two color bins: blue ((J − K s ) < 0.8 mag) and red ((J − K s ) > 0.8 mag) (Zasowski et al. 2017 ). This makes the selection function more complex because the fraction of selected stars of different stellar types differs between APOGEE fields. However, we are not affected by this complexity because we are working with RC stars, assumed perfect standard candles (with (J − K) 0 = 0.68 mag, Hawkins et al. 2017 ) lying fully in the blue color bin, such that we need not account for the selection fractions of the red color bin. In practice, the spatial selection function, S(l, b, D), is a piece-wise function in each APOGEE field, such that for a field i centred at (l, b) i it can be expressed solely as a function of distance S i (D). The dependence on distance is more complex than a constant between D min and D max set by the stars absolute magnitude and the survey's magnitude cuts, due to the 3D spatial distribution of dust, which limits the fraction of stars seen at a given absolute magnitude and distance. We model this using the 3D dust map of Green et al. (2019) . A detailed description of how this is incorporated into the model can be found in Frankel et al.
(2019) 2 .
Normalization of the PDF: Survey Volume
To make p dataset a probability density function, it must be normalized by
The selection function is published with a tutorial of its use at https://github.com/NeigeF/apogee selection function which is a 7-dimensional integral over all the physical properties of the data We refer to V S as the 'survey volume'. Two of the integrals (l, b) can be transformed into a sum over APOGEE fields, if we assume that the properties of stars in the sky within a single APOGEE pointing are uniform. This is a valid assumption as the APOGEE fields are typically 3 deg across. We compute V S in the next subsection, and assemble the data likelihood in Subsection 4.2.
Expanding Eq. 15, the survey volume can be written
This integral is not straightforward to compute. The integrand is proportional to a probability density that we cannot fully compute, but that we can sample. Therefore, we compute this integral through iterative importance sampling (details in Appendix B). We start with a 'blind' optimization of the data likelihood by normalizing the likelihood with samples generated from a model with initial plausible guesses for the model parameters p m,prop . We then use these best fit parameters to generate new samples, which better reflect the shape of the likelihood and can be used normalize the likelihood for further calculations.
Data Likelihood Function and Parameters Posterior
The overall Milky Way disk model combined with the selection function predicts the likelihood of the data for any star in the sample. Assuming all measurements are independent, we write the total likelihood of the entire data set given our model with parameters p m as
We use uniform priors with wide ranges in the parameter space, and enforce distances, spatial scales and timescales to be positive. We first maximize the likelihood (Nelder & Mead 1965) , which gives the results in Table  1 . We start the optimizer from different initial conditions to lower the chances of the optimizer becoming stuck in local maxima. Using the MCMC sampler emcee (Foreman-Mackey et al. 2013), we then sample the posterior,
using 12,000 iterations (> 50 times the auto-correlation time) and 52 walkers. We initialize the MCMC sampling uniformly in a hypercube (of size greater than 8 times the error bars quoted in Fig 4) centered on the maximum likelihood estimates.
The posteriors of the model parameters are illustrated in Fig. 4 . The parameters of interest are the dynamical parameters: {σ Lz , σ vR0 , β, R σ R }, in red and orange in Fig. 4 . We treat the other model parameters as nuisance parameters and marginalize over them, although we comment briefly on them in Section 5. There are no degeneracies and only weak covariances. In particular, the estimate of radial migration (or spread in angular momentum) σ Lz is slightly correlated with the metallicity gradient. This is expected because the information on radial migration comes from the scatter in metallicity. Stars born in a galaxy with a shallower metallicity gradient will need to migrate larger distances to produce the same metallicity spread. The other notable covariance is between σ vR0 and β, which together quantify heating in the radial direction: σ vR0 is the strength, and β the time dependency. If most of the sample is dominated by stars of a given age (here 2 Gyr), then the two ways to reproduce the local velocity dispersion of stars of that age is to either have a greater strength, and a faster time evolution (small β), or a smaller strength and a more linear time evolution (larger β).
The other model aspects also seem well fitted since the overall distributions of the data are well recovered by the model (Fig. 1) and their estimate is robust to the tests we have performed (Subsection 5.4) . This shows that the best fit model is also qualitatively a good fit. The parameter analogous to the scale-length of the disk at birth is about 2.9 kpc. The covariances are more important for the inside-out growth model aspects, which are treated as nuisance parameters in the present work. The measurements of inside-out growth are consistent with our previous estimate in Frankel et al. (2019) with x io ≈ 0.7, where the implications and shortcomings of fitting data with large age uncertainties are discussed extensively. Fig. 4 illustrates that all model parameters are well constrained, that the pdfs are approximately Gaussian, and that for most parameter combinations the covariances are small. The model seems to be well-posed for and well-constrained by the data set. This holds true for its dynamical aspects (brown in Fig. 4 ), inside-out growth (green), and ISM enrichment (blue). The best fit model is illustrated in a schema in Fig. 5 .
BEST FIT MILKY WAY DISK MODEL
In the following subsections, we look at these different aspects more closely.
Migration strength and Age-Radial Velocity Dispersion
The strength of radial migration is encompassed in the model aspect σ Lz (τ ), the width of the distribution of stars of age τ about their mean angular momentum. We find σ Lz (τ ) = 567 kpc km/s τ /6 Gyr. With a circular velocity of about 235 km/s, this corresponds to a migration scale of 2.4 kpc for the 6 Gyr stars.
Radial heating leads stars to increase their random motion in the radial direction. Using Eq. 6, we find that the velocity dispersion at the Sun is about 43 km/s for the ∼ 6 Gyr stars, in line with Nordström et al. (2004) and Mackereth et al. (2019) , and that the age dependency is τ 0.3 . In the epicycle approximation, radial heating leads to epicycle amplitudes typically of A epi = σ 2 r (τ )/κ 2 ≈ 1.5kpc for the older stars, as illustrated in Fig. 5 . The parameter R σ R best fit value is ≈ 27 kpc, whereas it has been commonly assumed to be of order 2 × disk scale length (∼ 6−7 kpc). The original motivation for the exponential decay of the radial velocity dispersion was to keep a disk with a constant scale height h z and a constant ratio σ r /σ z (van der Kruit & Searle 1982), with σ z ∝ h z √ ρ ∝ exp(−R/2R d ). But
(1) the agents driving the evolution of the vertical and radial motion are likely different (e.g Sellwood 2014) so σ r and σ z need not be related, and (2) the Galactic disk is now known and expected to flare Minchev et al. 2015; Bland-Hawthorn & Gerhard 2016; Bovy et al. 2016; Kawata et al. 2017; Sanders & Das 2018; Mackereth et al. 2017 Mackereth et al. , 2019 : the scale-height of coeval stellar populations increases with radius, hence there is no need for R σ R to be small.
Inside-out Growth and the Metallicity Profile
The model fit favors a global inside-out growth of the disk, where stars formed first from low angular momentum gas, and star formation moved gradually to higher angular momentum (x = 0.68). This is in accord with the results of Frankel et al. (2019) , who used a similar model in radius on the APOGEE-RC data set of the 12th data release. Our model is illustrated for different values of x, as well as for the best fit, in Fig. 5 in green (top right quadrants). As the disk forms from inside-out, the enrichment in metals (here iron, [Fe/H]) proceeds with a radial gradient and still on-going enrichment (Figure 3 ). . At birth, stars are assumed to be on near circular orbits so, as can be seen in all panels, the three orbits born at 4, 8, and 12 kpc can be easily disentangled. Model 2 (middle) is undergoing strong radial mixing and strong radial heating, which mixes the orbits such that the pdfs of the stars cover almost the entire disk. Model 1 (left) has only modest radial heating and migration. The actual best fit model (right) falls in between these two regimes, where stars mix significantly, but not enough to erase all dynamical memory of their birth conditions.
The Orbit-Age-Abundance Distributions
The distributions most directly affected by radial mixing are the metallicity distribution functions of stars at given radius p([Fe/H]|R) (Hayden et al. 2015; Loebman et al. 2016) , whose shape is influenced by the amount of metal-rich stars incoming from the inner disk the metalpoorer stars coming from the outer disk, and the initial metallicity profile of the gas from which stars formed, set by the inside-out star formation history (Schönrich & McMillan 2017; Schönrich & Binney 2009 ).
The available data, and the framework we developed in this work, allow us to make comparisons in more dimensions, reproducing the entire data set's 5dimensional distribution p([Fe/H], τ, J R , L z , R) resulting from the global evolution of the Milky Way disk (and selection procedures). Figure 6 illustrates the distributions p([Fe/H], τ, J R , L z , R) observed in the data set (brown) and predicted by the best fit model for the data set (green). Overall, the observed distributions are globally well recovered by the model fit. The metallicity radial profile (bottom left panel of the corner plot in Fig  6) , which arises from (1) chemical evolution and (2) sub-sequent orbit evolution is well described, and illustrates that the metallicity distribution functions p([Fe/H], R) and the age-metallicity distributions (4th panel, bottom), usually the main diagnostic used in the literature, are all well reproduced. The distributions in L z and J R reflect both the secular evolution of the disk and APOGEE's spatial selection function.
Verifications: Model Variants and Parameter Recovery
During the construction of this model, we tested a set of model variants. We first tested the parameter recovery on noised mock data, and rejected all models for which we could not recover the true parameters. For example, we could not add a parameter to quantify how much angular momentum is actually conserved while stars diffuse in angular momentum (by e.g., fitting for a simple form of diffusion coefficient D (1) from Eq. (3)) because there is a degeneracy with the enrichment model. Once the best model candidate (which is presented in Section 3) was identified, the best fit parameters found with MLE, and the posterior sampled with MCMC, we Table 1 , compared with observed densities in APOGEE DR14 data (brown). The model agrees remarkably well with the data: the 1D distributions are generally well reproduced, but more importantly the 2D dististributions and the entire shape of the density the 5 dimensional data space agrees well. The age-metallicity-orbit structure of the dataset seems well recovered.
performed a series of additional tests to verify different aspects of our results. We investigated whether uncertainties in our integral calculations introduced systematics or biases in the estimation of the parameters, by computing it using different model realizations (by changing the model parameters) and Monte Carlo samples of different sizes, and found no change in the results within 1σ (for both the data used in the present paper and mock samples generated from our model). We generated and fitted mock data with different noise levels (increasing or decreasing the formal uncertainties by a few percent), and the best fit parameters are well recovered too.
We studied the effect of varying the model of the potential on the estimates of the dynamical parameters. Using the default MWPotential2014 in Galpy with a circular velocity of 220 km/s at 8 kpc, we found small changes in the estimates of σ Lz . These changes are however expected and quantifiable. The estimate for radial migration dropped by about σ Lz220 ≈ σ Lz × 220 235 , which is what one expect since the metallicity scatter, and the radial metallicity gradient in the stars are the same, and σ Lz ≈ σ [Fe/H] v circ /∇[Fe/H]. But a full exploration of alternate gravitational potentials is beyond the scope of the present work. The potential model we are currently using is well constrained by external data Bovy 2015) .
Model Limitations
Forward modeling the orbit-age-[Fe/H] structure of the APOGEE×Gaia dataset, with an interpretable model that accounts simultaneously for diverse aspects of Galaxy evolution, data uncertainties and the survey selection function, provides a framework with a great potential for Galactic archaeology. The best fit model is well tested and reproduces the observed trends and distributions of the data set well. However, at present our model lacks some features that one might desire from a full physical model of the Galaxy:
1. Radial migration of stars in the Milky Way is measured indirectly through its impact on the agemetallicity distributions. The strongest assumption we have made in that direction is that the birth age-metallicity relation was tight and monotonic, and that our choice of functional forms to model the evolution of [Fe/H] were flexible enough and adequate. However, any inadequacy or inappropriate rigidity in that model will be measured as radial migration in this context, so σ Lz could be a lower limit on the strength of radial migration.
2. Our description of L z change is only an approximation of the solution to the diffusion equation (Eq. 3) that is valid far from the Galactic center, and is not self-consistent. It is likely that the strength of migration is a function of radius and time (e.g. Kubryk et al. 2013; Toyouchi & Chiba 2018) , which in our simple diffusion picture is ignored. Additionally, Eq. 3 should contain a source term for star formation, which we have modeled separately. This should not impact the results drastically, as the two extreme regimes are recovered: in the limit where radial migration is asymptotically inefficient, stars' current L z distribution is a Dirac function of their birth distribution, and the overall L z distribution is the exponential profile used for initialization in Eq. 1. In the limit where radial migration is asymptotically efficient, our imposed steady state solution for the L z distribution recovers the results of Herpich et al. (2017) for a flat circular velocity curve, with the same scale length R d0 .
3. The secular evolution processes in the disk (diffusion in L z and increase in J R ) were treated independently. However, they should be covariant depending on the heating agents, (e.g. as in Eq. 25) and because a star's chances to be trapped and corotation resonance, and thereby migrate radially, should depend on its radial and vertical motions (Daniel et al. 2019; Solway et al. 2012 ). Ideally, we should treat the entire Fokker-Planck equation in action space. However, we argue that this should have only a small impact on the present results, because the disk remains relatively cold (J R does not increase much) and L z diffusion is stronger by an order of magnitude and in this modelling, both heating and migration are conditioned on time, making their conditioning on each other only implicit. This may blur out such covariances on large spatial and time-scales. However, in the Solar neighbourhood, there are indeed clear over-densities in the L z − J R plane, some of them arising along Lindblad resonances with the bar or other non-axisymmetries (Sellwood & Binney 2002; Trick et al. 2019a,b) ). These portray the impact of the most recent set of non-axisymmetries.
4. The treatment of radial heating, with the time dependence β could depend on angular momentum. Indeed, as shown in simulations, the heating time dependence β could depend on spiral arms and Galactocentric radius (Aumer et al. 2016; Binney & Tremaine 2008) . The radial dependence of β in the age-velocity dispersion relation in the Milky Way disk was confirmed in Mackereth et al. (2019) . The present model fit leads to β ≈ 0.3, which is typical and agrees with the largest part of the disk values in Mackereth et al. (2019) , but not in the outer disk where their β decreases, possibly due to the weakening of spiral strength.
ASTROPHYSICAL IMPLICATIONS AND DISCUSSION
Secular processes drive stellar orbits to evolve, which can have a large impact on a disk galaxy's evolution. If strong, such diffusion processes lead to a near complete dynamical memory loss, challenging efforts in Galactic archaeology to try to infer a galaxy's history from its present-day properties. Radial migration is such a process and was shown to be strong in simulations (e.g. Minchev et al. 2013 ), but had not been well quantified across the Milky Way disk.
We have presented the first global model relating stellar ages, chemistry, and dynamics, which we have fitted to high-quality data over a large extent of the Galactic's low-α disk, accounting rigorously for data uncertainties and selection effects. The model builds on and extends Sanders & Binney (2015) work. The previous modeling to Frankel et al. (2018) was based on more local data and did not incorporate stellar ages. In this work, we have forward-modelled the distributions of stellar ages, [Fe/H], L z and J R with a radially-dependent star formation history accounting for the inside-out growth of the disk, a parametric chemical evolution model, and birth and action-based radial heating and radial migration orbit-evolution model. We have fitted all aspects of this model simultaneously, but focus on the orbit evolution, and treated the other model aspects as a nuisance. We have used the APOGEE×Gaia red clump sample, a dataset that covers a large part of the Galactic disk, from R ∼ 4 kpc to 13 kpc, a scale larger than the typical radial migration scale of a few kpc.
Large efforts have been made to measure the strength of radial migration in the Milky Way, but previous works lacked data on large spatial scales, making quantifying a large scale diffusive process a hard task. Furthermore, previous approaches did not use stellar ages (e.g. Sanders & Binney 2015) instead relying more tangentially on the known local relationships between stellar age and kinematics. Other methods measured a scatter in the [Fe/H]-[α/Fe]-R directly, but without accounting simultaneously for the galactic evolution processes that could contribute to it, thus lacking a framework that could use and describe the entire dataset (e.g. Hayden et al. 2015) . In Frankel et al. (2018 Frankel et al. ( , 2019 , we developed a framework accounting for the main evolution aspects of the Milky Way disk, with a radially-dependent star formation history, chemical evolution of the disk, and evolution of the stars' Galactocentric radius. This model constrained a global orbit migration scale of about 3 kpc τ /6 Gyr, implying that radial mixing happens on scales comparable to the scale-length of the Milky Way disk. However, this description of the disk only measured diffusion in Galactocentric radius, and not angular momentum, so failed to disentangle the two major processes causing stars to change Galactocentric radius ('churning' and 'blurring').
Secular Dynamical Evolution
Our model describes the in-plane secular evolution of the Milky Way's low-α disk and disentangles the contributing processes: diffusion in angular momentum ('churning') and increase in radial action ('blurring', or 'radial heating') . As both processes are diffusion in action space, we can quantitatively compare their strengths in a meaningful way, and here we choose to inspect the root-mean-squared (rms) deviation in the actions.
We first work out the rms deviations of the actions expected in the Solar neighbourhood from external data, and will then show that our more global model recovers this particular case. From a simplistic perspective, the rms deviation in the radial action is related to the disc properties as
Taking the 'textbook' quantities for the radial epicyclic frequency κ ≈ 37 km/s/kpc and σ R ≈ 38 km/s for old stars from Binney & Tremaine (2008) , we find (∆J R ) 2 ≈ 55 kpc km/s. Likewise, the rms deviation in the angular momentum can be simply expressed
Using approximate values for the solar neighbourhood of σ [Fe/H] = 0.2 dex for the metallicity dispersion (Nordström et al. 2004) , |d[Fe/H]/dR| = 0.062 dex/kpc for the radial metallicity of young stars (Luck & Lambert 2011) and v circ = 235 km/s we find (∆L z ) 2 ≈ 750 kpc km/s. These simple calculations confirm that plausibly (∆L z ) 2 is an order of magnitude larger than (∆J R ) 2 . Expanding to the greater extent of the disk with our full model, from Eq. 4, the variance of the angular momentum distribution of a stellar population of age τ is
where the drift term (Dτ ) 2 is subdominant, contributing only ∼ 20% to (L z − L z0 ) 2 . Similarly, the variance of the radial action of a population of age τ is
with J R0 the radial action at birth, which we assume here is zero since in the model stars are born on nearcircular orbits. J R = σ 2 R /κ is the mean radial action as defined in Eq. 5. Both of these quantities are plotted as functions of τ in Fig. 7 . Using a reference age of τ m = 6 Gyr, we find at 8 kpc (see Fig. 7 for the spatial variations)
We note that up to a factor between 1.2 and √ 2, these quantities are very close to σ Lz =572 kpc km/s and the mean radial action J R = σ 2 R /κ = 45kpc km/s respectively, so our general conclusions do not depend much on the details of our choice of reference quantities (i.e. σ Lz versus (∆L z ) 2 ).
A spatial representation of the diffusion in angular momentum and increase of radial action is illustrated in Fig. 5 . We show two examples for the secular evolution of the disk for the first two panels (weak mixing and heating, and strong mixing and heating), and the best fit in the third panel. The second y axis of Fig. 7 also illustrates this more quantitatively.
Using the same APOGEE RC dataset, Frankel et al. (2018 Frankel et al. ( , 2019 ) measured a migration strength in Galactocentric radius of 3.1 kpc τ /6 Gyr, which is slightly larger than we have found here. These models were purely spatial and ignored the dynamics. The spreads in the metallicity distributions in these models are wholly accounted for by the radius migration and its strength is more simply linked to the radial metallicity gradient (as in Eq. (20) ). In the new dynamical model presented here, spreads in the metallicity distribution are due to a combination of both migration and heating, the latter of which introduces more extreme metallicity stars from the inner and outer disc at their apo-and pericentres respectively, and so further broadens the metallicity distributions. This reduces our measured radial migration strength to (∆L z ) 2 /v circ = 2.6 kpc τ /6 Gyr with the difference coming from the radial heating.
Implications of a Strong L z Diffusion Process
If the strength of angular momentum diffusion, of the order of the mean angular momentum of the Galaxy, is typical to all disk galaxies, this redistribution has important implications for galactic archaeology for external galaxies. For the Milky Way, the strength of radial migration can be measured through a physical [Fe/H]age-L z scatter, obtained by data for individual stars. Such a framework may not be applicable in external galaxies beyond the Local Group, where all properties are integrated. Studying stellar populations in external galaxies may lead to good present-day age histograms and present-day mass-weighted age gradients, but reflect only mildly the formation of galaxies due to important dynamical memory loss: i.e. age and metallicity radial gradients weaken (Frankel et al. 2019) .
As argued in Herpich et al. (2017) , an asymptotically strong redistribution of stellar angular momenta in cold disks could naturally lead disk profiles to follow exponential distributions, as is observed in disk galaxies (e.g., de Vaucouleurs 1948; Freeman 1970) . Since disks are not always expected to form with exponential profiles (e.g. Roškar et al. 2008 ), a strong diffusive process that leads to an exponential profile irrespective of the initial conditions could reconcile the observations with simulations of galaxy formation.
Even though mixing processes are strong, they are not strong enough to erase all gradients in which case even using chemical-age information would not rewind stars back to their birth conditions because the final state of the system would be independent from its initial state. In the Milky Way, metallicity and age radial gradients are weakened, but not erased.
However, any modelling of the Milky Way's chemical evolution requires us to account for the strong radial orbit redistribution. For instance, a local age distribution might reflect better the global star formation history of the disk rather than the local star formation history, as a local sample of stars, even those on circular orbits, may contain stars born kiloparsecs away and lack stars born locally.
Disentangling L z -Diffusion from Heating
Dynamical processes produce correlated changes in the actions of stars. Assuming ∆J R = f (∆L z ), the general function f will depend on the specifics of the dynamical interaction. In the present work, we do not explicitly model the possible interactions leading to radial heating and angular momentum diffusion; we only measure their effect over 6 Gyr of evolution with an effective model, and find that across the disc
This result can already provide some global constraints on the nature of dynamical processes across the Milky Way, but not on the details of the secular interactions. The net changes are not directly comparable to the changes expected over single migration events ∆J R = f (∆L z ). To zeroth order, near the main resonances of a non-axisymmetry rotating at a constant pattern speed Ω P (e.g. the bar or a spiral wave), the change of radial action is related to the change in angular momentum through (e.g. Sellwood & Binney 2002 )
Here κ and Ω are the radial and azimuthal frequencies. Sellwood & Binney (2002) point out that near corotation (Ω = Ω P ), ∆J R should be very small even though ∆L z can be large -a star can move from circular orbit to circular orbit. Therefore, there is no dynamical evidence that a star found on a near circular orbit at radius R today was not born on a different circular orbit. Around the Lindblad resonances, where κ = ±m(Ω − Ω P ), interactions with non-axisymmetries tend to heat the disk ∆J R = ±∆L z /m. More recent works argue that ∆J R = f (∆L z ) is not necessarily linear, and that angular momentum redistribution at corotation might not always occur without changes in J R : resonances can overlap, leading to non-linear effects and stochastic motions of the stars (e.g Minchev et al. 2011 Minchev et al. , 2012 Daniel et al. 2019 ). In this model context, our findings suggest that migration near corotation was important.
In addition to these non-linear effects, ∆L z and ∆J R may deviate from Eq. 25 if spiral perturbations do not rotate as solid bodies as seen in simulations (i.e. with a pattern speed that changes with Galactocentric radius Quillen et al. 2011; Grand et al. 2012) or indirectly with extragalactic observations (Merrifield et al. 2006; Masters et al. 2019) , or if their pattern speed is a function of time.
The simulations described above, as well as those of Brunetti et al. (2011) and Loebman et al. (2016) , have brought understanding of the processes involved in the secular evolution of disk galaxies and the processes at play in radial orbit migration, and have pioneered qualitative comparisons with Milky Way data. However, they are not directly comparable to observed data in the Milky Way because observed data are noisy and do not represent the full Milky Way disk. More importantly, the present view of the Milky Way only represents the equivalent of the final snapshot of a simulation, as argued in Aumer et al. (2016) . This means age-kinematic relations differ from heating histories (as much as time differs from age) and our effective models cannot be used to recover robustly the full evolutionary history of the Galaxy. Simulations are necessary to guide the construction of realistic and physically motivated forward models and to make the link between the global measure of (J R − J R0 ) 2 , (L z − L z0 ) 2 and the instantaneous changes ∆J R and ∆L z .
Implications for the Sun and the Solar System
In a model with significant radial migration, the Sun potentially formed quite far from its present Galactocentric radius. Here we analyse the most likely history of the Sun using our model.
Using Eq. 7 with the Sun's age of τ = 4.6 Gyr (Bonanno et al. 2002 ) and [Fe/H] 0 = 0 ± 0.05 dex (Asplund et al. 2009 ), we find the birth angular momentum of the Sun was L z0 ≈ 1824 ± 127 kpc km/s . If, at the time of its formation, the circular velocity corresponding to this angular momentum were 235 kpc km/s, this would correspond to a birth Galactocentric radius of 7.8 ± 0.6 kpc, which is 5% closer to the Galactic center than today. This is quite different from previous estimates of the Solar birth location in Frankel et al. (2018) (5.3 kpc) , but in better agreement with Minchev et al. (2018) (7.3 kpc) and Haywood et al. (2019) . We interpret this significant change of Solar birth location from our previous estimates as a consequence of two model modifications. Firstly, the introduction of the drift term D towards the inner disk in the diffusion equation 3. In Frankel et al. (2018) , D was set to zero, which resulted in global outwards migration due to the negative density gradient, with a disk profile that broadens with time. Here, we approximately conserve angular momentum, with a disk profile remaining approximately constant over time. As a result, stars have a higher probability to migrate inwards than outwards. Secondly, our chemical enrich-ment description (Section 3.6) is different: it is a function of birth angular momentum and not birth Galactocentric radius, and we have imposed a flattening of the [Fe/H] profile in the inner disk, which is more physically and observationally motivated.
The Solar birth Galactocentric radius is still widely debated and not well constrained. Most chemical evolution arguments lead to birth radii estimates between its present-day radius and 3 kpc closer to the Galactic center (e.g. Wielen 1977; Nieva & Przybilla 2012; Minchev et al. 2018; Sanders & Binney 2015; Feltzing et al. 2019; Kubryk et al. 2015; Frankel et al. 2018) , except for Haywood et al. (2019) who argue that the Sun is a typical outer disk star. Even though different models infer different birth radii for individual stars, the overall radial migration rate estimate remains similar in all models, as shown in Feltzing et al. (2019) . Finally, Martínez-Barbosa et al. (2015) use backward integration over the Sun's lifetime, concluding that the Sun was born in the outer disk. However, without knowledge of the past evolution of the Milky Way's potential, such an exercise is not trivial. Better estimates of the Solar birth place may additionally allow to put tighter constraints on the environment in which the solar system has evolved (e.g. encounters with Giant Molecular clouds Kokaia & Davies 2019) even though knowing both the Solar birth and current orbits does not imply that the Sun has always remained between the two: it could well have migrated back and forth to the same place, since the typical migration distance for a 4.6 Gyr old star is about 2 kpc.
Application to the Solar Siblings' Orbit Distributions
We estimate the possible present-day L z and J R ranges occupied by stars that were born with the same L z0 , the same [Fe/H], and at the same time as the Sun with Eq. 4. Assuming solar siblings undergo phase mixing rapidly (the Sun has undergone ∼ 20 Galactic orbits), there is then no dynamically noticeable difference between 'sharing the same birth cluster as the Sun' and 'being born with the same L z0 , and time'. From our model fit, 95% of these stars should currently have 550 ≤ L z ≤ 2770 kpc km/s and J R ≤ 130 kpc km/s. This is roughly consistent with the results of Webb et al. (2019) , who used simulations to investigate the presentday positions of solar siblings in the (L z , J R , J z ) space in different possible potentials and constrained presentday solar siblings angular momenta to 353 ≤ L z ≤ 2110 kpc km/s and J R ≤ 116 kpc km/s. The exact values of these bounds should depend on the detailed history of the Milky Way disk, but their model gives an angu-lar momentum range of about 2000 kpc km/s, which is close to our 2σ(τ ) value.
However, if the abundance profile of the gas in the Galactic disk is really axisymmetric, then there is no chemical information on the phase to disentangle whether a star is born in the same birth cluster as the Sun, or just at the same Galactocentric radius (or L z0 ). Therefore, the Sun could well be born from a birth cluster (possibly now disrupted) that is different from the candidate cluster M67, which has similar age and metallicity as the Sun (Yadav et al. 2008; Heiter et al. 2014) : it was shown unlikely to be the Sun's birth cluster, but not fully ruled out (Jørgensen & Church 2020; Webb et al. 2019) . The recent analysis of Ness et al. (2019) shows that stellar orbits and abundances can be well predicted with only [Fe/H] and age, implying that our present analysis contains the most essential elements for chemical tagging.
Limitations and caveats
The physical limitations of our modeling were discussed extensively while presenting the best fit Milky Way disk model in Subsection 5.5: the model could improve by allowing a time-and radius-dependent strength of radial migration and radial heating.
We now discuss another approximation we have made while constructing the model: the model for the population selection of the red clump stars. In practice, the red clump selection is based on a neural network trained to classify stellar evolutionary stage from their spectra, trained on asteroseismic data ). In the model, we have approximated the selection of red clump stars as a cut in logg-Teff-color space as in Bovy et al. (2014) . This approximation is well motivated because (1) the classifier is currently one of the best methods to obtain a pure and complete sample of red clump stars given their spectra , and (2) the modeled cut in logg-Teff-color space is, in theory, a good approximation to selecting core helium burning stars.
However, this approximation is conceptually not satisfying (as for other methods based on data driven selection functions), and with no known applicable and rigorous solution: our treatment of the population selection function in the model is conceptually inconsistent with the actual selection of stars. The actual data-driven selection of stars is not trivial to forward model: this method takes a star's spectrum as input and returns asteroseismic parameters ∆ν and ∆P , thereby disentangling RC and secondary RC. Therefore, to assess selection effects in our forward model properly, we should generate a set of theoretical spectra of various ages, T eff , log g and various abundances, add noise and instrumen-tal effects, and then pass these spectra to the neural networks that selected the red clump stars to evaluate the fraction of generated stars that becomes classified as red clump, as a function of age and metallicity (or any stellar quantity that we wish to model). Hence, if for example the neural networks were to fail in some areas of the parameter space (where e.g. the training data are sparse), the effects would be fully modelled.
As machine learning-based selection functions are (justifiably) becoming important in the field of astrophysics, they will also need come with a consistent modeling framework in the future.
Instead, we have approximated this population selection effect as a function of age from Bovy et al. (2014) as in Frankel et al. (2018 Frankel et al. ( , 2019 and assumed it was sufficient for the purpose of our work. We argue qualitatively that this should have only a small impact on the present work: such a selection should mainly affect the distribution of ages (at large ages, were the training sample was sparse) of our sample, that is most closely linked to the star formation history in our modeling context. However, we treat this star formation history as a nuisance aspect and marginalize over it, and assume the red clump selection does not bias significantly the dynamical parameters of the stars (beyond the covariances between age and kinematics, which we do model), and we focus on radial migration and diffusion in action space. As can be seen in Fig. 4 , the dynamical parameters are not correlated with the star formation history.
SUMMARY
We have presented and applied a global model for the secular evolution of the Milky Way's low-α disk. The model accounts for an inside-out star formation history, [Fe/H] gradual enrichment, and the subsequent evolution of a stars' orbits as diffusion in action space. Applying this model to the APOGEE red clump stars, we have fully accounted for the selection function of the survey and for data uncertainties. The data are constraining, and the model fit with MCMC implies, in this context, that 1. L z redistribution evolves as (L z − L z0 ) 2 ≈ (619 kpc km/s) , which corresponds to a migration distance of about 2.6 kpc for the 6 Gyr old stars (see Fig. 7 ). In other words, for a coeval population of stars, 68% of them will be within 2.6 kpc τ /6 Gyr of their birth radius and the remaining 32% will have migrated further; . This shows that redis-tribution in angular momentum is stronger than increase of radial action, by a fator ∼ 10, leading us to conclude that radial migration dominates the evolution of the Galaxy's low-α disk. This leads the disk to remain kinematically cold, but with a strong dynamical memory loss, making it necessary to use chemical and age information to recover the birth conditions;
3. the Sun's birth angular momentum inferred from the best fit is relatively close to its present-day angular momentum with L z0, ≈ 1824 ± 127 kpc kms −1 , but its siblings may have a large distribution in action space with a width of 2000 kpc km/s in L z and 130 kpc km/s in J R .
We have demonstrated that our approach can disentangle the diversity of dynamical phenomena that have shaped the Milky Way's disk. However, our parametric model is purely effective so does not capture the real complexities of individual dynamical processes, but only their average effect on the Milky Way. We hope that this may be solved in the future, by applying and coupling this model to more detailed simulations of galaxy evolution.
the institutions participating in the Gaia MultiLateral Agreement (MLA 
The first term on the right hand side is the stars' birth angular momentum distribution (the first part of Subsection 3.2). The second is the star formation history conditioned on birth angular momentum, resulting from an inside-out star formation history (second part of Subsection 3.2). The third term is the distribution of metallicity in the star forming disk in function of time (modeled here as a Dirac function, since we are assuming a tight L z0 − τ − [Fe/H] relation, Subsection 3.6), the fourth term is the vertical distribution of stars in the disk, and the last one is the joint distribution of in-plane orbital properties (which we take as the azimuthal action, or angular momentum, and the radial action). It can be split
where the first part corresponds to radial heating, and is conditioned on both birth angular momentum and present-day angular momentum. Heating through scattering should happen over the entire trajectory of the star, so in some sense at an average of the birth and final angular momenta, but we will drop the dependence on birth angular momentum as an approximation (see Subsection 3.5). The second term corresponds to radial migration, modelled as diffusion in angular momentum. Here it shows the probability of a star to be at angular momentum L z given it was born at L z0 a time τ ago (see Subsection 3.4). Each of these model aspects are presented in Section 3 and assembled together to form the Milky Way model in Section 4.
A.2. Modeling the Dataset: Noise Model, Selection Function, and the Observables The Milky Way model described above cannot be directly applied to our dataset, since the stars were selected in a given survey and the data are noisy. We therefore write the model for the data set, in the space of the noisy observables (with subscript 'obs'). We (1) marginalize over uncertainties, and (2) apply the selection function to the model: 
From the first to the second line, we marginalize over data uncertainties with a noise model p noise (obs | true, σ) where 'noise' denotes all the noisy variables used here (those which have subscript 'obs'), and the uncertainty parameter array σ reflects the uncertainties described in the Section 2. From the second to the third line, we split the dataset model as the product of the Milky Way model extensively described in Section 3 and the selection function S(l, b, D, τ ). From the third to the fourth line, we describe the disk in the 2D space of actions (J R , L z ) instead of the 4D phase space (x, y, v x , v y ). We note the slight inconsistency in the actual action calculation based on the Staeckel approximation (Binney 2012) which uses the full 6D phase space information, and our simplified modelling assumption based on the adiabatic distribution functions (Binney 2010) . This assumption should not matter much since we restrict to the thin (|b| < 25 deg), young (red clump), low-α disk where vertical excursions are very limited. The D 2 true cos(b) term is the Jacobian to change from Galactic to Cartesian coordinates. In practice, we perform this integral by sampling the true values (in phase space and propagating directly to action space) from an approximate noise model p(true|obs), and then we use importance sampling (weighting the integrand with p(obs|true)/p(true|obs)) and Monte Carlo integrate by summing the remaining terms over these samples. The p(obs|true) term is the uncertainty model as described in Section 2.
B. ACCOUNTING FOR THE SURVEY VOLUME V S (p m )
The survey volume in Eq. 15 is a 7 dimensional integral (or 5, after having integrated over (l, b) by assuming the distribution function does not vary over an individual APOGEE field). We choose to compute this integral by importance sampling. This method works best if the proposal distribution p proposal is similar to the target distribution. Ideally, we would like to generate from our full models using a set of realistic parameters p prop . We could then systematically use these samples in a Monte Carlo integration of the survey volume corresponding to a new set of model parameters. The advantage of this method is that our samples approximately trace the best fit model so provide an accurate computation of the normalization with a minimal number of samples. It also provides a tractable way to handle the selection function in the survey volume which is automatically incorporated in our sampling distribution.
However, one cannot sample points directly from our full models as because they are constructed in a complex and un-normalized way. As a workaround, we choose to sample from the full model in two steps, using a simpler Galaxy model as an intermediate distribution. First, we sample stars from the simple proposal distribution that is easy to normalize. Then, we down-sample these data through importance sampling using our proposal model. The simple Galaxy model p s is an exponential disk of constant scale length R ds and scale-height h zs chosen close to the analogous parameters in the overall model (e.g. R d,prop ). Given their positions in the disk, stars velocities are sampled from a Gaussian centered on (v R , v φ ) = (0, v circ (R)) with large standard deviations that envelope the known velocity dispersion.
To generate N prop samples from our proposal distribution, we use the following procedure:
1. For every APOGEE field i, we sample on-sky positions (l, b) using boundaries defined by the selection function. We then sample distances D using the cumulative distribution function of p s (D | l, b) ∼ D 2 cos(b) exp(−R(l, b, D)/R ds )sech 2 (z(l, b, D)/h zs ).
2. We down-sample from these positions using the relative normalization of the simple model in each field. The field that contains the greatest number of stars is not down-sampled, and the other fields are down-sampled by accepting the points with probability
where
and F max = max(F proposal (l i , b i )). After this step, the samples have a distribution that follows our simple Galaxy model but now accounts fully for the spatial selection function of APOGEE and the 3D extinction.
3. We now sample the remaining variables from our simple model before a further downsampling. Ages are sampled from a uniform distribution. Birth angular momenta L z0 are sampled from a normal distribution centered on R × 235 kpc km/s with a standard deviation that increases as σ ∼ √ τ (to mimic radial migration). The strength σ is chosen larger than the analogous parameter in the global model (σ Lz ) such that this distribution envelopes the radial migration model. Radial and azimuthal velocities (v R , v φ ) are sampled from normal distributions centered on 0 and v circ (R) respectively. 4. We further down-sample these points by accepting them with a probability
where p proposal (L z , J R , τ, L z0 , z | p prop ) is our full proposal model with fixed parameters p prop . The term f RC (τ ) contains the age-dependent fraction of stars on the red clump evolutionary stage. This down-sampling leads to a set of N prop points.
Our N prop samples are now drawn from the pdf S(l, b, D)f RC (τ )p proposal (L z , J R , τ, L z0 , z | p prop ), so we can calculate the survey volume as 
This integration has several advantages over using a regular grid (which is inefficient as the number of dimensions in the data increases) or re-sampling the normalization sample each time with new parameters. First, we only need to produce Monte Carlo samples once, not each time we need to evaluate the model, which is computationally more efficient. Secondly, since the initially generated samples are fixed, we need not recompute actions from these samples each time the model is evaluated, which saves additional computation time. Thirdly, as highlighted by McMillan & Binney (2013) , for fixed samples the stochastic noise is limited and the overall normalized model is a smooth function of the model parameters which is a desirable property when we want to optimize the likelihood to fit the model parameters).
Step 2 of our procedure (down-sampling from the points generated at step 1) is in principle not mandatory. But in practice, the more alike the two distributions in the integral are, the greater the effective sample size.
We have tested this integration method on mock data, and the results remain robust as long as the proposal distribution is broad enough to envelope the distribution that we want to normalize. Additionally, we have tested the overall optimization scheme (MCMC ran on a model using this integration method) on mock data, and recovered the true parameters largely within the uncertainties.
